
   
 

 
 

A SCIENTIST LET LOOSE ON THE GOLF GREEN  
 

Geoff Kirby 
 

 
 

CONTENTS 
 

Summary 
 
Chapter 1      Introduction 
  
Chapter 2      The Mathematics Of Putting 
 
Chapter 3 The Mathematical Model And Its Validation 
 
Chapter 4 The Stimpmeter 
 
Chapter 5      Bouncing Golf Balls 
 
Chapter 6      Holing The Ball 
 
Chapter 7      Randomness, Skill And Mathematical Modelling 
 
Chapter 8      Examples Of What The Model Can Predict 
 
DEDICATION 
 
This study is dedicated to Sandy - my partner in golf and life. She has tried to be enthusiastic 
when I stopped games of golf to measure drag coefficients with ramps and when I filled the 
house with rolling golf balls at all hours of the day and night. Also Ryan whose mockery of 
my ramps and jokes about my artificial golf hole only served to spur me on to prove to him I 
am not mad. Last but not least thanks to PGA Professional Mike who patiently tried to teach 
me not to look like a puppet with tangled strings when on the golf course. Sorry Mike - it was 
not to be. 



A SCIENTIST LET LOOSE ON THE GOLF GREEN  
 

 

 
 

 
SUMMARY 
 
 
Chapter 1 The philosophy behind this project - avoiding boredom in retirement. 
 
Chapter 2 The derivation of the equations of motion of a golf ball on a putting 

green and the experimental evidence that the deceleration of a golf ball 
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CHAPTER 1     INTRODUCTION 
 
Early in 2010 I started to learn to play golf having never tried the game before. I had 
considered golfing as a somewhat trivial pastime; after all, it is only about hitting a 
ball with a stick! 
 
One year and two sets of lessons with a PGA level teacher later and I began to see 
that it may not be quite as easy as I had thought. 
 
My second ever game on an 18 hole course returned a score of 183 (114 over par) 
having taken 16 hits to complete one of the holes. 
 
At the time of writing Amazon lists over 70,000 book titles relating to ‘Golf’ and, of 
these, 260 relating to ‘Golf Science’ - the most expensive of the latter being £156! 
 
There is no substitute for practicing on a real golf course, driving range or even on  
the living room carpet. Golf, perhaps more than any other sport, cannot be learned 
from a book.  
 
However, an understanding of the science of golf can help to improve shots. Without 
training, practice and insight bad habits become entrenched putting a limit on further 
improvement of performance. 
 
It is a rule of thumb that world quality performance in any skill takes 10,000 hours of 
practice 1. Starting at the age of 70 and practicing golf for one hour a week (which is 
about what I have averaged since I first started playing) would take me over 1,300 
years to achieve world leadership in the game. Put another way, playing 40 hours a 
week would take me over 33 years and I would be a PGA level golfer aged 103! 
 
What I was taught during my putting lessons intrigued me scientifically and I 
wondered whether the application of science could help my putting skills. 
 
The skill in putting is in ‘reading’ the path along which the ball must travel to reach 
the hole and sending the ball along that path at the correct speed. 
 
In this study I ignore all the problems of actually hitting the ball correctly. This has 
been studied in great detail elsewhere. The stance, the club, the speed of the swing 
compared with the ‘pendulum’ swing speed; all have been analysed.  
 
All I consider here is what happens after the ball sets off in a specified direction and 
at a specified speed. 
 
All the golfer can do at this stage is watch and hope. 
 

                                            
1  See Malcolm Gladwell’s book ‘Outliers’ http://en.wikipedia.org/wiki/Outliers_(book) He asserts 

that Bill Gates, The Beatles, Mozart, Tiger Woods and many other world leading people 
‘practiced’ their talents for at least 10,000 hours to achieve world leadership. World leading 
performance comes more from long-term persistent practice and not so much on innate talent 
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Even on nominally smooth greens there are perils that will deviate a ball from the 
perfect mathematical path (rabbit droppings, leaves, worm casts, sudden wind gusts 
- even discarded cigarette ends blown on the wind) which need to be taken into 
account.  
 
However, many greens are smooth and sloping. They are inclined planes and, in 
principle, it is possible to compute the path of a golf ball not allowing for random 
irregularities and small undulations. 
 
Having carefully inspected many golf greens it seems that, even for greens with 
complex changes of slope, the path from ball to hole is often over a part of the green 
that is fairly close to an inclined plane. 
 
Although the majority of greens have a change of slope, the area having a constant 
slope is usually large enough such that putting to sink a ball will not result in a ball 
passing from a zone with one slope into an adjacent zone with a different slope. 
 

 
 

Figure 1 - 1 A green with a single change of slope where indicated 
 
In any case, if the slope does change between the ball’s location and the hole the 
mathematical model described later can include such changes. 
 
Initially however the green will be assumed to be a simple inclined plane with no 
change of slope - and no rabbit droppings - to complicate the putt. 
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CHAPTER 2     THE MATHEMATICS OF PUTTING 
 
In principle, the mathematical model described below can be used on any golf green 
but here it is demonstrated on a smooth inclined plane as shown below.  
 

I 

qqqq    

F1 

F2 
V F3 

F4 

 
 

Figure 2 - 1 Geometry of part of an idealised putting green 
 
The diagram above shows the geometry of a moving golf ball on an inclined plane. 
The ball is moving in the direction shown by the blue arrow with speed V and  
azimuth angle qqqq to the horizontal direction in the plane of the surface. 
 
There are four forces acting on the ball included in this model;  
 
1. Gravitational Force  (F1) on the ball which acts vertically through the Centre 

of Gravity (CG) of the ball. 
 
2. Friction Drag  (F2) due to the rolling contact of the ball with the grass. This 

acts in the opposite direction to the ball’s motion. 
 
3. Air Resistance (F3) in still air due to the motion of the ball through the air 

adjacent to the grass. This acts in the same direction as F2. 
 
4. Coriolis Effect (F 4) causes a curving of the ball’s path due to the rotation of 

the Earth. In effect, the green is turning in space whilst the ball moves across 
it and this acts like a virtual force at right angles to the ball’s path acting in the 
horizontal plane. 

 
There is also a fifth Wind force.  If the wind is blowing across the green the ball will 
be nudged off the path it would follow in still air.  
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Each of the above forces except the last will be considered in turn. 
 
2.1 Gravitational Force (F 1) 
 
F1 is the force of gravity acting vertically through the Centre of Gravity (CG) and has 
value gM (newtons) where M is the mass of the ball and g is the acceleration due to 
gravity (9.81 m/s2). 
 
When the ball is rolling on a plane inclined at angle I (radians) the gravitational force 
vector passes through a point  )sin(IR down the slope from the point of contact 
between the ball and the inclined plane where R is the radius of the golf ball. 
  
This creates a torque given by )sin(IRgM (newton-metre) about the centre of the 
ball.  
 
A rolling golf ball behaves like a gyroscope or a child’s spinning top.  
 

 
 

Figure 2 - 2 A precessing gyroscope 
 
Figure 2 - 2 shows a spinning gyroscope. The red arrows show the force of gravity 
acting downwards through the Centre of Gravity (CG) and the reaction on the base 
acting upwards. 
 
These two forces combine to create a torque which causes the gyroscope to precess 
in the horizontal plane as shown by the blue arrow. 
 
Now imagine the gyroscope is a golf ball rolling on an inclined plane. There is a force 
downwards due to gravity which acts through the CG but not through the point of 
contact with the inclined plane.  
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Figure 2 - 3 Torque on a rolling golf ball on an inclined plane 
 
If the ball is rolling across an inclined plane the pull of gravity causes the ball to 
precess and turn in a down slope direction. 
 
For a golf ball rolling at angle qqqq as defined in figure 2 - 1 the torque causing the ball 
to precess is 
 
 )cos( )sin( �IR  g M   � ====                 (2.1) 
 
The following analysis of the path of a rolling golf ball is based on a study of 
precessional motion in a lawn bowling ball 1. Indeed, The analysis of the trajectory of 
a lawn bowling ball can be easily modified to make it apply to a golf ball on an 
inclined plane 
 
Lawn bowling balls have a bias generated by making the ball non-spherical as 
shown in the figure below. 
 

                                            
1   “The trajectory of a ball in lawn bowls” Rod Cross. Physics Department, University of Sydney, 

Sydney 2006, Australia Available as 
http://www.physics.usyd.edu.au/~cross/PUBLICATIONS/2.%20LawnBowls2.PDF 
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Figure 2 - 4 Geometry of a lawn bowling ball 

 
In figure 2 - 4 CR is the centre of rotation and the point of contact with the horizontal 
lawn is directly below CR. 
 
The torque is given by 
 

d g M   � ====                           (2.2) 
 

Note that the dynamics of a lawn bowling ball is equivalent to a rolling golf ball if we 
substitute 
 
 )cos( )sin( �IR   d ====                         (2.3) 
 
The torque causes the path of the lawn bowling ball to turn in the horizontal plane by 
a rate given by equation (3) of Cross’s paper 1 
 

VI
dRgM

t
�

0

====
d
d

                               (2.4) 

 
Where I0 is the sum of two Moments of Inertia. The first is the Moment of Inertia 
about the axis of the ball’s rotation and the second is the Moment of Inertia about the 
point of contact with the surface. 
 
 
 

                                            
1  “The trajectory of a ball in lawn bowls” Rod Cross. Physics Department, University of Sydney, 

Sydney 2006, Australia Available as 
http://www.physics.usyd.edu.au/~cross/PUBLICATIONS/2.%20LawnBowls2.PDF 
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Thus 
 
 22

0 MRRM�I ++++====                         (2.5) 
 
Where bbbb = 2/5 1 
 
Substituting )cos( )sin( �IR  for d and using the above expression for I0 we get  
 

 (((( ))))�V
�Ig

t
�

++++
====

1
)cos()sin(

d
d

                (2.6) 

 
where V is the speed of the ball. 
 
The speed can be expressed using the conservation of energy principle. The change 
in potential energy due to the ball’s height changing as it moves over the inclined 
plane is balanced by the change in total kinematic energy (translational plus 
rotational). 
 
Thus 
 

 (((( )))) V
a

�V
�Ig

s
V

----
++++

----====
1

)sin()sin(
d
d

                       (2.7) 

 
Where a is the deceleration of the ball due to friction with the surface of the inclined 
plane and ds is the increment of distance travelled by the ball measured along the 
ball’s path. 
 
We will now pause because we need to know how the deceleration ‘a’ varies with 
ball speed and type of surface. 
 
2.2 Drag Force in Still Air (F 2 and F3) 
 
The forces acting opposite to the direction the ball is moving are the drag on the ball 
due to the surface upon which it is rolling, F2, and the air resistance, F3. It is assume 
here that these act in the same direction and are inseparable. Hereafter, the ‘drag’ is 
assumed to be the sum of the resistance of the surface to the motion of the ball 
PLUS the air resistance in calm wind conditions. 
 
We need to know how the drag force varies with ball speed.  
 
The drag is a function of many variables including the condition of the grass on the 
green.  
 

                                            
1  http://en.wikipedia.org/wiki/List_of_moments_of_inertia 
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The effect of the force is to slow the ball down with a deceleration (negative 
acceleration) denoted here by a (m/s2) where this is a function of ball speed. 
 
So, how does the drag force vary with ball speed?  
 
This was initially tested by rolling a golf ball down an inclined piece of wood and 
measuring how far it rolled along my living room carpet as a function of the speed at 
the end of the ramp 1. 
 

 
 

Figure 2 - 5 Experimental set up on my living room carpet. 
 
The photograph shows the set up for the measurements. 
 
 

H 

S 

J 

L 
V2 V1 

 
Figure 2 - 6 The parameters of the experiment. 

 
In the above diagram the variables are:- 
 
 H The height of the upper end of the ramp above the level surface 
 
 L  The  length of the ramp 
 
 S The distance rolled by the ball down the ramp 
 
 J the distance rolled by the ball from the end of the ramp 

                                            
1  I am in illustrious company! Galileo rolled balls down ramps to derive his famous Laws of 

Motion which were expanded by Isaac Newton into the formulation of dynamics which is used 
universally today to describe the world in which we live. Galileo’s balls rolling down ramps 
created the dividing line between medieval ignorance and the Age of Enlightenment.  
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 V1 The speed of the ball at the end of the ramp. 
 
 V2 the speed of the ball as it starts to roll along the horizontal surface. 
 
The inclination angle of the wooden ramp was varied as well as the position of the 
ball on the ramp when released. The ball rolled down the ramp under the pull of 
gravity and the distance it rolled on the carpet was recorded. 
 
The speed at the end of the ramp is given by 
 

 
(((( ))))
�
S/LHg

V1 ++++
====

1
2

                                              (2.8) 

 
where g is the acceleration due to gravity (9.81 m/s2) and bbbb is a factor depending on 
how much spin the ball takes up as it travels down the ramp. If the ball slides without 
spinning bbbb is zero whereas if the ball takes up its full spin whilst descending bbbb has 
the value 0.4 which is due to the moment of inertia of the ball. 
 
A value of 0.4 was taken here for bbbb because the ball rolled down the slope without 
visible sliding. Even so, once the ball reached the carpet it would very quickly pick up 
a full rolling motion 1 so that the end result would be the same.  
 
Some of the speed at the end of the ramp is lost as the ball is deflected from the 
angle of the ramp into rolling motion along the ground. The correction is equal to the 
cosine of the angle of the ramp. 
 
Thus, the speed at which the ball sets off along the green or carpet is given by 
 

(((( ))))
��������
����

����
��������
����

����
----

++++
==== 2

2

1
1

2

L

H
�
S/LHg

V                 (2.9) 

 
Figure 2 - 7 below shows the distance rolled plotted against the square of the initial 
ball speed. 

                                            
1  John Zumerchik in his book “Newton on the Tee” published by Simon and Schuster, 

paperback edition (2008) states that when a ball is hit with a putting iron it initially skids but, 
within 0.3 metres, it has picked up it’s full rolling motion. 
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Figure 2 - 7 Distance rolled by golf ball along my living room carpet. 

 
What we need to know is the drag force acting on the rolling ball that results in it 
slowing down and eventually stopping with a linear relationship of distance rolled and 
initial speed. 
 
As a first guess I assumed that the drag force on the ball whilst moving is constant 
such that the deceleration 1 is a m/s2.   
 
The full red line above is the equation for a ball moving under constant deceleration 
and is given by 
 

a

V
J

2

2
====                  (2.10) 

 
where a is derived from the slope of the red line as equal to 0.65 m/s2. This is about 
fifteen times weaker than the gravitational force g on the golf ball.  
 
It can be seen that the assumption of constant drag force independent of ball speed 
gives an excellent fit 2. 
 

                                            
1  Purists would call this an acceleration of -a m/s2 

 
2  Included in the drag is air resistance as the ball rolls along the surface. This is naturally 

included in the measurements. However, it can be shown by calculation that air drag is 
negligible at putting speeds. Furthermore, because air drag varies as the square of speed and 
the measured drag varies as independent of speed it follows that the experiments described 
here confirm air drag to be unimportant. 
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Incidentally, the energy lost by the rolling ball per unit distance rolled is given by Ma 
(joules/metre) where M is the mass of the golf ball. Thus the energy needed to roll a 
ball over the carpet is proportional to the distance rolled and independent of speed. 
The loss of energy is probably incurred by the ball bending the carpet tufts which 
would give the relationship shown above. 
 
Before going on to describe the path of a rolling ball on an inclined green we need to 
confirm that the same drag rule applies to a grass surface. I measured the inclination 
(I) and drag ‘a’ for a selection of golf course greens. 
 
I took onto a local nine-hole golf course a spirit level, three blocks of wood, the ramp 
shown in figure 2 - 5 above and a tape measure. 
 
I measured the inclination of one uniformly sloping green (I) directly with a spirit 
level. This came to 2.1 degrees. 
 
The computed horizontal speed of the ball at the end of the ramp is given by 
 

 
(((( ))))

��������
����

����
��������
����

����
----

++++
==== 2

2

1
1

2
L
H

�
S/LHg

V2                 (2.11) 

 
where the variables have been defined earlier. 
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Figure 2 - 8 Plot of distance run by balls against square of speed 

 
The above chart shows that the results for either up slope or down slope are straight 
lines but there is a clear difference between up and down slope. 
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Figure 2 - 9 Plot of distance run by balls against square of speed 

 
However, figure 2 - 9 shows that the results for up and down slope fit together very 
well using equation 2.4 above where the measured inclination (I) of the green is 
used.  
 
This shows that the experimental method is valid. 
 
The derived deceleration ‘a’ is 0.74 m/s2 which compares with 0.65 m/s2 for the 
carpet.  
 
The green had been rained upon for about one hour just before the measurements 
following several days of dry weather. So, the green was wet but not saturated under 
foot. 
 
Rather remarkably, the drag on this green was effectively the same whether it was 
wet or dry. 
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Figure 2 - 10    Results for the previous green when wet. 

 
This was confirmed on 18th April 2011 (see Figure 2 - 10) following a long dry spell in 
the afternoon when the dew had evaporated. The value of a was measured at 
0.74 m/s2. 
 
However, on 7th May 2011 a measurement was made after two weeks without rain. 
The green tested was very hard and the ball bounced a lot when putted in the green.  
 
The value for ‘a’ was measured as 0.91 
 

Condition Drag Factor (a) m/s 2 

Short Pile Carpet 0.65 

Very Wet Green 0.74 

Dry, Recent Dew Green 0.83 

Dry, Recent Dew Green 0.79 

Dry Green 0.80 

Parched, Hard and Bouncy Green 0.91 

Parched, Hard and Bouncy Green 0.87 
 

 
Table 2 - 1 Comparisons of several drag measurements 

 
It seems that my living room carpet is a remarkably close simulation of a golf green 
both in the nature of the drag (independent of speed) and in value. 
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The curious feature in the above table is that dry greens appear to produce a higher 
drag on a ball than a wet green. This flies in the face of golf lore which says wet 
grass slows a ball down more and produces a ‘slow’ putting surface. 
 
This was tested directly on my garden lawn which is about the same texture, when 
freshly mown, as the border of a green. 
 
The ramp was used to roll balls along a flat part of the lawn which had not been 
rained upon for three weeks and so was hard and ‘bouncy’. Over a period of several 
hours the area of lawn in use was then sprayed with water to the equivalent of 20 
millimetres of rain. The patch of lawn was then soft with the grass well wetted. 
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2.0
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0 1 2 3 4 5 6 7 8 9 10

V2 (m/s)2
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)

DRY

WET

 
Figure 2 - 11 Comparison of wet and dry conditions on a simulated fairway. 

 
Figure 2 - 11 shows that wet fairway conditions produce higher drag than dry 
conditions which agrees with accepted golfing lore. 
 
So, why is the reverse apparently true on greens? 
 
The observation that the ball bounces quite a bit on hard, dry putting greens with 
little if any grass tufts to provide drag suggests that the drag should be lower under 
such conditions.  
 
So, what’s going on? 
 
Are dry hard greens really ‘faster’ (low drag) or ‘slower’ (high drag)? 
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Does a bouncing ball on a hard green go further or less than a rolling ball on a softer 
more grassy green? 
 
Whilst the measurement of drag indicates that dry hard greens have higher drag 
what does theory predict? 
 
We will find an experimental and theoretical analysis of the effects of ball ‘kicks’ in 
Chapter 5. 
 
This same theory will also apply to fairways where, under dry conditions, a rolling 
ball is often observed to bounce in quite an animated fashion towards the green. 
 
2.3 Coriolis Effect (F 4)  
 
This causes the golf ball to swerve and occurs because the rotation of the Earth 
appears to make the putting green rotate under the ball as it travels in a straight line. 
To the observer being carried with the Earth, the ball appears to be curving. 
 

 
 

Figure 2 - 12     Foucault’s Pendulum in the Science Museum, London 
 
The Coriolis effect is well demonstrated by Foucault’s Pendulum, see above figure, 
where a pendulum bob swings on a path that appears to slowly rotate as the Earth 
turns beneath it. 
 
The effective rate at which the putting green turns beneath the rolling golf ball 
causes the ball to move on an arc of a circle with a radius of the order of 10 
kilometres in temperate latitudes 1.  
 

                                            
1  http://en.wikipedia.org/wiki/Coriolis_effect#Applied_to_Earth 
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Clearly the Coriolis Effect has a minute effect on the path of a golf ball on a putting 
green.  In fact, typically the ball is displaced by less than one millimetre even on long 
slow putts. 
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CHAPTER 3     THE MATHEMATICAL MODEL AND ITS VALIDA TION 
 
 
We now have all the information needed to create a mathematical model for 
predicting the path of golf balls rolling on inclined surfaces. 
 
3.1 The Mathematical Model 
 
The key equations taken from page 2 - 5 are 
 

 (((( ))))�V
�Ig

t
�

++++
====

1
)cos()sin(

d
d

                 (3.1) 

 
and 
 

 (((( )))) V
a

�V
�Ig

s
V

----
++++

----====
1

)sin()sin(
d
d

                (3.2) 

 
where we now know that ‘a’ is a fixed value for a given surface. 
 
The model was created in Microsoft�  EXCEL� . Inputting values for the following 
variables produced, by numerical integration, the path of the ball. 
 
  

Symbol Variable Units 

Vo Initial Speed m/s 

qqqqo Initial Angle to Horizontal degrees 

a Drag Factor m/s2 

bbbb Inertia Factor - 

I Inclination of Plane Degrees 

g Acceleration due to Gravity m/s2 

 
Table 3 - 1 Mathematical Model Input Variables 

 
The figure on the next page shows a typical graphical output. 
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INITIAL SPEED (Vo) = 2.0 m/s
INCLINATION (I) = 3 degrees

INITIAL ANGLE (THETA(0))= 28 degrees
DRAG FACTOR (a) = 0.7 m/s^2

HOLE RANGE = 2.00 m
HOLE ANGLE = 22 degrees

CLOSEST DISTANCE TO HOLE = 52 mm

-2

-1

0

1

2

0 1 2 3
 

 
Figure 3 - 1     A typical result from the model. 

 
The model allows the predicted path of the ball to be plotted and the position of a 
cup can be input. If the centre of the ball is predicted to pass over the rim of the cup 
the displayed distance from the centre of the cup changes colour as shown above. 
This indicates that the ball potentially could drop into the cup. 
 
In Chapter 6 the circumstances under which a golf ball either drops into the cup, rolls 
around the rim or bounces out will be modelled. However, for this Chapter only the 
track of the ball is computed. 
 
It is important to validate this mathematical model against measurements of a ball 
moving on an inclined plane - and this is what will be described next. 
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3.2 Model validation against experiment 
 
I set up an experiment to measure the path of golf balls rolling over an inclined plane 
to verify the above model. 
 
 

 
 
 

Figure 3 - 2 Experimental set up using a piece of living room carpet as a simulation 
 

The experimental arrangement consisted of a rectangle of living room carpet 
mounted on a rigid wooden board which could be tilted. In the above picture the 
board is raised at the far side nearest to me. 
 
Golf balls were rolled down a ramp and across the carpet sample. These set off 
across the carpet parallel to the horizontal (qqqq0 = 0 degrees) and then they curved 
down the slope. 
 
The stopping points of the balls were plotted using a marker pen so that the end of 
the paths could be compared with model predictions. 
 
Unfortunately, this arrangement did not work well because the carpet sample was 
smaller than desired. My wife had - with some justification perhaps - been loathe to 
let me cut a rectangle out of our living room carpet of adequate size; her criterion 
being that the hole in the living room carpet must be covered by a chair. 
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The possibility of returning the rectangle of carpet to its hole after the experiment 
was complete was unreasonable because it had, by then, been covered in marker 
pen data points. 
 
The experiment was redesigned so that the bare wooden board was covered with a 
large sheet of paper marked in 50 millimetre squares. 
 
This had the advantage that the drag of the surface on the ball was small so that the 
prediction of the balls’ paths should be easier to make and more accurate. 
 
A large number of tests were conducted using different ramp slope angles, board 
inclinations and starting distances on the ramps. 

 

 
 

Figure 3 - 3 View of the experiment in its final form 
 
After experimenting with covering the paper with icing sugar and cooking flour to 
make the ball tracks visible, the solution was found to roll the ball after making it 
damp. This left a track of small wet patches which were quickly marked on the paper 
and annotated before they dried out. 
 
On Figures 3 - 4 and 3 - 5 the starting points and direction of the balls are marked by 
arrows. 
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Figure 3 - 4 The tracks marked on the paper covering the inclined plane 
 

 
 

Figure 3 - 5 Close-up of the tracks marked on the paper covering the inclined plane 
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These tracks were carefully measured and the positions of the ball compared with 
the mathematical solution of equations 3.1 and 3.2  
 
Although the drag on the rolling golf ball was small on the solid wooden board it is 
necessary to measure the value so that the model can be rigorously test. 
 
Accordingly, the experimental arrangement show below was set up. 
 

 
 

Figure 3 - 6 Derivation of drag on the board 
 
The board was tilted at an angle A2 to the horizontal and a golf ball was rolled down 
a ramp tilted at angle A1. The geometry of the ramp was kept constant but the tilt of 
the board was varied. The distance the ball rolled up the board before stopping and 
rolling back down was carefully marked. 
 
Let us assume that the ball arrives at the end of the ramp at a constant speed V’. Its 
speed as it starts up the board is U0 cos(A1 + A2) = U1 
 
The distance travelled up the board  (L’ ) is then given by  
 

 
)1(

))(sin(2)(cos2

�U

aAg

L'

AA
2
1

221

++++

++++
====

++++
                       (3.3) 

 
If we plot the left-hand group of variables against sin(A2) then we should end up with 
data points along a straight line. 
 
The ratio of the intercept to the gradient will be a/g. 
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Figure 3 - 7 Derivation of drag on the board 

 
The figure above shows the result from this experiment. 
 
It can be seen that the data do indeed fall on a straight line and, in consequence, we 
find that  
 
 a = 0.16 m/s2                  (3.4) 
 
We now have all the information we need to test the model against measured golf 
ball trajectories on an inclined plane. 
 
Before showing the results we can make a substantial simplification in the analysis. 
 
The path of the ball can be expressed in terms of dimensionless distances across 
and down the slope as follows 
 

 
2
1U

Igx
X'

)sin(
====                           (3.5) 

 

2
1U

Igy
Y'

)sin(
====                           (3.6) 

 
where x is the actual distance travelled across the slope, y is the distance travelled 
down the slope, g is the acceleration due to gravity (9.81 m/s2), I is the inclination of 
the slope, U1 is the speed of the ball as it sets off across the board and X' , Y' are 
the dimensionless values of x and y. 
 
The chart below shows the results. 
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Figure 3 - 8 Comparison of measurements with model. 

 
We see from this plot that the measurements of golf ball trajectories on a smooth, 
low drag inclined plain that the agreement is excellent when compared with the red 
curve. 
 
We now have a validated mathematical model of a golf ball rolling on an inclined 
plane. 
 
Before moving on to use this model to investigate the trajectories of golf balls on 
putting surfaces we will divert off at a small tangent partially because the Stimpmeter 
is a very important, but misunderstood, piece of golfing equipment and also because 
it will allow the reader’s brain to cool down after all the preceding analysis. 
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Figure 3 - 9 It’s handy to have the first one hundred digits of p close by. 
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CHAPTER 4      THE STIMPMETER 
 
 
After about one year of making extensive measurements using balls rolling down 
ramps I saw a very similar device in use at St Andrew’s Golf Course during a 
television programme. 
 
I was fascinated and replayed that short element of the televised event several 
times. 
 
Subsequently I did a search of the web and ‘discovered’ the Stimpmeter 1.  
 
This was invented in the 1930s and these devices have been widely used for 
decades for measuring the ‘speed’ of greens 2.  
 
I had thought I had invented an original device!  
 
Oh well! 
 
No point in me trying to take out a patent on the use of ramps to measure green 
drag! 
 
The Stimpmeter consists of a metal V-shaped channel with a notch near one end. 
The ball is sat on the channel held in position by the notch. As the channel is lifted, 
an angle is reached (about 20 degrees) at which the ball is no longer held by the 
notch. The ball rolls down the channel and across the golf green. The distance 
travelled (in feet!) is the rating of that green. 
 

   
 

Figure 4 - 1 US Golfing Association (USGA) Standard Stimpmeter 

                                            
1  http://en.wikipedia.org/wiki/Stimpmeter 
 
2  There is also a device called the Pelzmeter which is similar to the Stimpmeter - see 

http://arkansasagnews.uark.edu/568-18.pdf 
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Figure 4 - 2  The dimensions of a Stimpmeter at the angle of ball release 
 

We can use the dimensions on the above diagram together with the equation 

 
(((( ))))

aJ
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�
S/LHg
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2
2
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����

����
��������
����

����
----

++++
====                         (4.1) 

 
to work out the effective values for ‘a’ and these are shown in the table below. 
 
For the standard USGA Stimpmeter the drag parameter ‘a’ can be computed by 
using the simple equation where J is the distance rolled from the Stimpmeter. 
 
 Ja /6.1====                  (4.2) 
 

USGA Stimpmeter measurements on a huge number of putting greens across the 
USA produced the following classifications 1: 

 USGA  Standard 

J 

a (m/s2) US Open 

J 

a (m/s2) 

Slow greens 1.0 (ft) / 0.30 (m)  5.29 6.5 (ft) / 1.98 (m) 0.81 

Medium Greens 4.5 (ft) / 1.37 (m) 1.18 8.5 (ft) / 1.58 (m) 0.62 

Fast Greens 6.5 (ft) / 1.98 (m) 0.81 10.5 (ft) / 3.19 (m) 0.50 

High USGA Limit - - 15.0 (ft) / 4.56 (m) 0.35 

 
Table 4 - 1 Table of Stimpmeter measurements with computed values for drag ‘a’ 
 

                                            
1  http://www.csgnetwork.com/stimpmetercalc.html 
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My own measurements of ‘a’ range from 0.74 to 0.91 m/s2 which are well inside the 
above range for medium and fast Standard USGA greens. 
 
Douglas Breede developed a formula for use on sloping greens 1 which is  
 

0J
JJ

JJ
====

++++
====

DU

DU2
SpeedCorrected                           (4.3) 

 
This gives the equivalent distance travelled on a flat green when measurements can 
only be made up or down a slope. 
 
However, with our knowledge of how golf balls run on inclined surfaces - at least 
when going directly up or down the slope, we can test this equation. 
 
Imagine a ball setting off at speed V from a Stimpmeter both up and down the slope.  
 
The distances up and down slope are given by 
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Hence, with a little algebra, we find that Brede’s formula for sloping greens gives the 
corrected ‘speed’ as 
 

 
a

V
J

2

0 2
'Speed'GreenCorrected ========  (m)            (4.5) 

 
which is precisely the distance the ball would be travelled on a flat green.  
 
So, Brede’s equation is consistent with the model presented here. 
 
There are problems with the Stimpmeter. 
 
 

                                            
1  Brede, A. Douglas USGA Green Section Record, November/December 1990 - see 

http://www.usga.org/course_care/articles/management/greens/Measuring-Green-Speed-on-
Sloped-Putting-Greens/ 
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Figure 4 - 3  Profile of Stimpmeter channel (left) and ramp that I use (right). 
 

Figure 4 - 3 above shows the profile of my ramp compared with the Stimpmeter 
channel. The latter is an angled trough with an included angle of 145 degrees. The 
golf ball makes contact above the base of the ball as indicated by the red dashed 
line. This means that the spin of the ball is faster than if it had rolled down a flat 
plane. 
 
The effect is that more potential energy is diverted into spinning the ball and, in 
consequence, the ball’s speed at the end of the ramp is slower than it would have 
been on a flat ramp. 
 
In contrast, the right-hand diagram shows the ramp that I use. The edges are solely 
there to guide the ball down the ramp. 
 
What this means is that the value for bbbb for my ramp is the theoretical value of 0.4 
whereas for the Stimpmeter bbbb is 0.419 making any direct comparison between 
results from my ramp and the standard Stimpmeter slightly uncertain. This is 
because the ball will leave the Stimpmeter slower than from my ramp. 
 
However, once the ball is on the green the excess rotational energy is quickly 
converted back into kinetic energy so that the ball will ‘leap forward’ and settle 
quickly down to roll at the same speed as from my ramp under the same conditions. 
 
Another problem is that the angle of 20 degrees at which the ball releases itself from 
the notch may not be repeatable and, indeed, various researchers quote the release 
angle as 20 degrees, 20.5 degrees and even 22 degrees.  
 
However, it is a requirement of using measurements from a Stimpmeter that three 
consecutive balls must lie within 8 inches (0.20 m) as defined by the USGA 
instruction manual for the Stimpmeter. 
 
Table 4 - 1 shows large variations in ‘green speeds’ that can be encountered (from 
0.3 to 4.5 metres) so such considerations are probably trivial in day-to-day golf green 
maintenance. 
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Figure 4 - 4  A wooden ramp used instead of a Stimpmeter. 
 

I made a ramp which gives a performance comparable with the Stimpmeter as 
shown above. 
 
A length of dado rail about 0.8 metres in length had a matchstick glued at 0.75 
metres from the end as shown above. This held a golf ball so that the ball was 
released when the ramp was raised to 20 degrees. 
 
The height of the ridge holding the ball must be 1.3 millimetres high. The fine 
adjustment was made by sticking sheets of thin card (shown black above) until the 
ball released at the correct angle. 
 
This device cost nothing as it was made from material found unwanted in my garden 
shed. 
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CHAPTER 5     BOUNCING GOLF BALLS 
 
 
5.1 Introduction. 
 
If a ball is rolling along a grass surface and meets an impediment (such as a worm 
cast, small hump, a windblown cigarette end, etc.,) the ball will briefly be kicked into 
the air and fly to impact further up the course. What overall effect does this have on 
the distance travelled by the ball? 
 
Perhaps the ball will travel further because it is relatively drag-free whilst in the air 
compared with rolling along the grass. 
 
Maybe it will go less far because it is losing momentum by being deflected away 
from the grassy course. 
 

h 

 
 

Figure 5 - 1 A stylised imperfection in the surface over which a balls rolls. 
 
Figure 5 - 1 shows a small hump in the surface of a golf course (fairway or green) 
which lifts the rolling ball and projects it upwards at a ‘kick angle’ hhhh. 
 
What we need to know is the loss or gain in distance travelled by the ball due to the 
imperfection. 
 
5.2 The Model 
 
To simplify the mathematics we imagine a golf ball rolling along the fairway or green 
having a drag ‘a’ (m/s2) being kicked up at an angle hhhh, dropping back on the fairway 
or green and rolling to a stop. 
 

A B 

hhhh 

C 

V2 V5 V3 
V4 

 
 

Figure 5 - 2 A simplified hump showing the geometry. 
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Let us assume that the ball starts rolling at speed V1 at the left-hand edge of 
Figure 5 - 2. Having travelled to the foot of the hump the speed will have dropped to  
 
 AaVV 2

2
2
3 2----====  m/s                (5.1) 

 
The ball will start up the slope with speed 
 
 )cos(�VV 34 ====  m/s                (5.2) 
 
The ball then flies through the air and lands distance B from the hump. The 
aerodynamic drag on the ball whilst in the air is neglected. 
 
The time of flight (assuming the height of the hump is small compared with the height 
of the bounce) is given by  
 

 
g

�V
t 4

1

)sin(2
====  seconds                        (5.3) 

 
From this we find the distance B to be 
  

 
g

��V
B

2
4 )sin()cos(2

====  metres              (5.4) 

 
Also 
 
 )cos(�VV 45 ====  m/s                (5.5) 
 
The ball then rolls to a stop over distance C such that 
 

 
a

V
C

2
5

2
====  metres                (5.6) 

 
The total distance travelled (A + B + C) is a measure of the effect of the ‘kick’ in the 

ball’s path when compared with the straight distance 
a

V 2
2

2
 without any upward ‘kick’. 

5.3 Model Validation 
 
The above equations were checked by rolling a golf ball down a ramp on my living 
room carpet and directing it towards, and over, the small ramp shown below. 
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Figure 5 - 3 The artificial obstruction that gives the ball a ‘kick’ 
 

The angle at which the ball is launched into the air by this ramp is 32 degrees. 
 
The two figures below show the measurement, for two different values of ‘A’ 
compared with the values predicted by the above equations. 
 
It can be seen that the model predictions work well. 
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Figure 5 - 4 Comparison of measurements with model predictions. 
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Figure 5 - 5 Comparison of measurements with model predictions. 
 

In both of the above figures the red curve is the distance the balls would have 
travelled without the ramp using the equations developed in Chapter 2 and the 
measured value of drag ‘a’. 
 
It can be seen that the overall distance travelled by the golf ball is reduced by the 
ramp. 
 
Where the predicted (green) curve and the ‘No Ramp’ curve meet (the green circle) 
corresponds to the distance the ball would travel just to reach the foot of the ramp 
but not be affected by it. 
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Figure 5 - 6 Predictions for a = 0.7 m/s2, V1 = 2.5 m/s, A = 1.0 m 
 

Figure 5 - 6 shows the predicted total distance run by a ball for the conditions stated 
in the figure caption. 
 
It can be seen that there is an increase in total distance travelled for a Kick Angle (h) 
lower than about 10 degrees but the effect is small. 
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Figure 5 - 7 Predictions for a = 1.5 m/s2, V1 = 4.0 m/s, A = 1.0 m 
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Figure 5 - 7 shows a more extreme case of a high drag surface and a faster initial 
ball speed. The previous conclusion still applies; namely that there is a very slight 
increase in range run by the ball for kick angles up to about 15 degrees but the 
advantage is not large. 
 
In reality, when the ball kicks into the air and lands it will bounce and make one or 
more further flights. 
 
The path in the air on any second or subsequent bounce is determined by the 

Coefficient Of Restitution (COR) of the grass surface 1 eeee. This is the ratio of the 
vertical component of the ball speed before and after hitting the grass surface.  
 

The coefficient of restitution eeee is a measure of the rigidity or ‘bounciness’ of the 
surface.  
 
It is simple to measure.  
 
Drop a ball from any height H1 and measure how high it bounces, H2. The Coefficient 
of Restitution is given by  
 

 
1

2

H
H� ====                   (5.7) 

 
This follows because the speed on impact from height H1 is proportional to the 

square-root of H1 and eeee is defined as the ratio of speeds before and after impact. 
 

                                            
1  Although the Coefficient of Restitution (COR) is a general term used in science and 

engineering - see http://en.wikipedia.org/wiki/Coefficient_of_restitution it is now widely used in 
golf science where it defines the extra speed given to a ball by a flexible surface to a golf club 
- see http://en.wikipedia.org/wiki/Coefficient_of_restitution 

 



A SCIENTIST LET LOOSE ON THE GOLF GREEN  
 

 

 
5  -  7 

H1 

H2 

  
 

Figure 5 - 8     Time lapse photographs of a bouncing ball 1. 
 

Typical values measured by dropping a golf ball and measuring the rebounds are 
 
 Tiled kitchen floor 0.82  Plank of wood  0.48 
 
 Dry golf green 0.40  Damp golf green  0.38  
 

Thin carpet on tiles 0.34  Living room carpet  0.20 
 

 

                                            
1  From http://en.wikipedia.org/wiki/Coefficient_of_restitution 
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Figure 5 - 9     The effect of multiple bouncing after ‘kicking’ off an impediment 
 

Figure 5 - 9 shows the effect of including multiple bounces on the fairway or putting 
green as a function of whether the ball bounces or not. 
 
It can be seen a ‘bouncy’ grass surface causes a reduction in distance travelled but 
this is hardly significant. 
 
The conclusion from this Chapter of the overall study is that a ‘kick’ that sends a 
rolling ball into the air will generally not increase the overall distance travelled 
although there is a scarcely significant increase in distance where the ball bounces 
at an angle less than about 10 - 15 degrees from the horizontal. 
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CHAPTER 6     HOLING THE BALL 
 
 

 
 

Figure 6 - 1     Geometry of ball rolling into hole drawn to scale 
 
Figure 6 - 1 shows a ball with radius R travelling at speed VH heading towards the 
mouth of a hole accurately across its centre. 
 
As the ball flies across the mouth of the hole it drops under gravity and either it hits 
the opposite lip, inner wall or drops into the cup. 
 
If the ball hits the inner wall it bounces into the cup. In this case the distance dropped 
under gravity on hitting the opposite rim of the cup will have exceeded the radius of 
the ball and the ball will be holed. 
 
The limit is when the ball has dropped by its radius as shown above. 
 
Thus the ball will drop into the hole if  
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Where T is the time taken for the front of the ball to travel to the far side of the hole 
and D is the diameter of the cup. 
 
Hence, the highest speed at which the ball will certainly drop into the hole is given by 
 

 
2

gR
R
D

VH ����
����

����
����
����

���� ----==== 1                  (6.2) 

 
We know that D is 0.108 metres, the radius of the ball R is 0.021 metres and g is 
9.81 m/s2. 
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This gives a speed of 1.3 m/s. If the ball reaches the hole heading for the centre with 
this speed or slower it will drop into the cup 1 2. 
 
This result is independent of the state of the green. It is a fundamental speed for 
holing a golf ball. 
 
If the ball hits the far side rim rather than the inner wall of the cup it will bounce off 
the rim and 
 
a. drop back into the cup, 
 
b. bounce back over the cup to land on the green, or 
 
c. bounce forwards to land on the green. 
 

(a) 

(b) (c) 

 
 

Figure 6 - 2     Ball bounces off rim and can go one of three ways 
 
The path of the ball after hitting the rim is determined by two factors; the speed at 

which the ball approaches the hole and the coefficient of restitution eeee as defined in 
the previous Chapter 5.  
 
The path of the ball after hitting the rim of the cup, as shown diagrammatically in 
figure 6 - 2, can be computed and figure 6 - 3 below shows the conditions under 
which the ball will either drop into the cup, bounce into the cup or bounce out and 
land on the green. 
 

                                            
1  John Zumerchik quotes a figure of 4.6 ft/s (1.4 m/s) in his book “”Newton on the Tee” 

published by Simon and Schuster, paperback edition 2008 page 105. He does not explain 
where this figure comes from but it is agreeably close to my figure. Holmes (Am. J. Phys. 
59(2), p129 (1991) quotes a figure of 1.31 m/s; also very close to my figure. 

 
2  B. W. Holmes, "Putting: How a Golf Ball and Hole Interact," Am. J. Phys. 59, 129 (1991) 

quotes a figure of 1.31 m/s; also very close to my figure. 
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Figure 6 - 3     Conditions under which a golf ball is holed in a central approach. 

 
For the purpose of mathematical modelling it was found that the upper red curve can 
be closely represented empirically by the equation 
 

 VC = 2.03 - 1.24 eeee2 + 0.63 eeee4               (6.3) 
 
A simple contraption was made to test the dynamics of getting a golf ball into a hole 
and to test the theoretical curve in the above chart. This is shown below. 
 
This consisted of a ramp to roll a golf ball towards a hole in a thick plank of wood. 
 
The result of any ball roll was noted in terms of the three outcomes on Figure 6 - 3 
above as a function of the speed of the ball and the aim point relative to the centre of 
the hole. 
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Figure 6 - 4      Overall view of the ramp and artificial golf hole 
 

 
 

Figure 6 - 5     View of the ramp and the sophisticated method of adjusting the slope 
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Figure 6 - 6     Another view of the ramp 
 

 
 

Figure 6 - 7     Ball’s eye view of the ramp and artificial hole 
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Figure 6 - 8      Result of measurement with artificial hole 

 
For balls aimed at the centre of the hole the critical speed was measured as 
1.69 m/s. The Coefficient of Restitution was found to be 0.48 by bouncing a golf ball 
repeatedly off the plank from different heights. This gives a good agreement with the 
computed curve on figure 6 - 8 bearing in mind the inherent difficulty of making the 
measurements. 
 
If the ball runs towards the hole but not on the central line it will be given an impulse 
towards the centre of the hole and hit the lip at a speed and position that is very 
complicated to calculate. In general, the lip of the hole will push the ball so that it 
rides on the lip and runs off at an angle from the original direction.  
 
This is observed with the artificial hole as in real life. 
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Figure 6 - 9      Path of an off centre ball 
 

 

 
 

Figure 6 - 10      Experimental investigation into the critical speed for off-centre shots. 
 

The device used to determine the critical speed for holing a golf ball was used to 
investigate the critical speed for balls which arrive at the hole off centre as shown 
above. 

r 
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It was found that the critical speed decreases with distance offset from the hole 
centre as shown below. 
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Figure 6 - 11      Critical holing speed for off centre shots, �  = 0.48 

 
The continuous curve is an empirical fit to the data points given by 
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r
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Where  
 

Vc  is the critical maximum ball speed to drop into the hole (m/s) computed 
by equation (6.3) for the central path corrected for the off-centre 
distance. 

 
r is the distance of the ball path from the hole centre (mm) 

 
An experimental and theoretical study of the conditions under which a golf ball will 
drop into a cup was carried out by Holmes 1 on real putting greens. 
 
 
 
 
 

                                            
1  B. W. Holmes, "Putting: How a Golf Ball and Hole Interact," Am. J. Phys. 59, 129 (1991) 
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He derived the empirical equation  
 

 ����
����
����

����
����
����
����

����
----====

2

54
163.1

r
VC  m/s               (6.5) 

 
No variation in the on-centre critical speed was apparently considered to account for 
varying grass conditions. The figure of 1.63 m/s corresponds to a Coefficient of 
Restitution of about 0.61 which is quite high compared with values around 0.5 which 
I have measured. 
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Figure 6 - 12      Critical holing speed for off centre shots for a grass green 

 
If we accept the generalised equation (6.4) as representative of real green conditions 
then we now have all the validated equations needed to compute the path of a golf 
ball across a perfect inclined plane and decide whether or not it will end up in a cup, 
will bounce off the rim back onto the green or roll past the cup. 
 
Before revealing this mathematical model and showing predictions made using it we 
must firstly understand the nature of randomness on the putting green and what the 
difference is between luck, skill and mathematical precision. 
 
This will be explained in the next Chapter. 
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CHAPTER 7     RANDOMNESS, SKILL AND MATHEMATICAL MO DELLING 
 
 
No putting shot is perfect.  
 
A putt will be imperfect for three reasons. 
 
a. There are imperfections in the surface of the green that cause random 

deviations in the path of the ball; for example, small divots, indentations 
caused by balls landing on the green from chip shots, leaves, worm casts, 
unexpected gusts of wind, etc. 

 
b. The golfer does not hit the ball at the correct speed, and 
 
c. The golfer does not hit the ball in the correct direction. 
 
All three of these causes for a ball going astray are random. The first is due to 
randomness in nature and the last two are randomness in the golfer.  
 
Little can be done about the first cause of error. Years of practice can reduce, but not 
eliminate, causes (b) and (c). 
 
The natural sources of random deviation in the path of a ball over a green (the first 
item in the above list) are many. Any golfer who has attempted a long putt will be all 
too aware of the way the ball bounces, swerves this way and that finally making that 
frustrating final veer away from the lip of the cup at the last moment. 
 
This is going to require a short excursion into the world of ‘Statistics’ and we must 
pause for a while to explain what is meant by the terms Standard Deviation (ssss) and 
Mean (mmmm). 
 
If a process involves the combination of a large number of random variables then the 
overall probability distribution (the ‘spread’) tends towards what is called the 
‘Gaussian’ 1, Normal’ or ‘Bell’ distribution. This is a consequence of the ‘Central Limit 
Theorem’; one of the most powerful theorems in mathematics. We are not going to 
delve into the Central Limit Theorem here - this isn’t necessary for what follows and 
there are excellent explanations that can be followed up if required 2, 3. 
 
As an illustration of the Central Limit Theory, I hit a golf ball one hundred times 
towards a marker.  
 

                                            
1  I prefer to call the curve ‘Gaussian’ to recognize the genius of Carl Friedrich Gauss - widely 

acknowledged as the greatest mathematician of all time after Isaac Newton. 
 
2  http://en.wikipedia.org/wiki/Normal_distribution 
 
3  http://en.wikipedia.org/wiki/Central_limit_theorem 
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I measured the position of the ball each time and the scatter of the balls is plotted 
below. 
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Figure 7 - 1     Scatter diagram for one hundred balls hit on a flat putting green. 

 
The ball was initially hit from the origin of the graph 2 metres off the left of the chart. 
 
The scatter in the end position of the ball can be considered as due to a random 
scatter in range and a random scatter in angle; the latter creating the cross-track 
scatter. 
 
For now just concentrate on the scatter in range which we see extends from 2.4 
metres out to 4.7 metres. 
 
The scatter can be defined by two numbers - the ‘Mean’ (mmmm) and the ‘Standard 
Deviation’ (ssss ). 
 
The mean is simply the average of the along-range values and defines the centre of 
the scatter. 
 
The Standard Deviation (ssss ) defines the spread of the scatter about the Mean (mmmm).  
 
 

Scale in metres 
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Figure 7 - 2 below shows a plot of the proportion of balls for which the range is less 
than a stated value. These are the blue points. 
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Figure 7 - 2     Comparison of 100 ball shots with the Gaussian Distribution 

 
If we assume that the scatter follows a ‘Gaussian’ probability distribution then the 
proportion of balls predicted to lie out to range ‘x’  is given by 
 

dte
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¥¥¥¥----

--------==== ��

�
               (7.1) 

 
This equation has been solved for values of ssss  equal to 0.53 metres and mmmm equal to 
3.6 metres. This is the full red curve in the graph above. 
 
We can see that equation (7.1) represents the experimental points rather well. 
 
The continuous green vertical line marks mmmm for the data points and the broken green 
vertical lines show the upper and lower values for ssss  relative to mmmm. 
 
It is the characteristic of the ‘Gaussian’ distribution that 68% of data points lie within 
± ssss  of the mean. This is an easy way to determine the value of ssss . 
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At this point professional statisticians will be rolling their eyes and gnashing their 
teeth because ssss is actually determined by the equation 1 
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��                    (7.2) 

 
Where  n is the sample size 
 

xi is the individual sample 
 
mmmm is the mean 
 

However, the rule of thumb that 68% of data points lie with ± ssss  of the mean is good 
enough for golfing analysis. 
 
It is also not rigorous but, for our purposes, acceptable to assume that the Mean is 
equal to the Median; this latter being the value on the horizontal axis of figure 7 - 2 
where the probability equals 50%.  
 
We now return to the random natural errors encountered on a putting green - 
item (a) on Page 7 - 1. 
 
These natural random variations have been investigated experimentally by Frank 
Werner and Richard Grieg who used a mechanical putting machine to send balls off 
on a variety of greens at a carefully controlled speed and direction 2 and noted the 
variation in the balls stopping positions on the greens.  
 
The Standard Deviation (ssss ) was found to be 1.1 degrees in angular direction and 2% 
in range.  
 
Now, at 2.7 metres range the radius of the standard golf cup subtends an angle of 
1.1 degrees. Because this is the Standard Deviation of the angular deviation 
imposed by the green surface irregularities it follows that at a range of 2.7 metres 
32% of shots will miss the hole 3 irrespective of what the player - even Tiger Woods - 
does 4. 
 
This is because the natural irregularities which cannot be corrected for by the golfer 
impose the wobble on the ball’s path which produces the observed spread. 

                                            
1  http://en.wikipedia.org/wiki/Standard_deviation 
 
2  Quoted in John Zumerchik’s book “”Newton on the Tee” published by Simon and Schuster, 

paperback edition 2008 page 209.  
 
3  This assumes that the angular distribution of random errors due to the green is Gaussian in 

which case 32% of shots will lie outside the Standard Deviation. 
 
4  This simple calculation is not quite accurate,. See page 8 - 7. 
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Of course, there will be random errors due to the golfer hitting the ball slightly in error 
but these are human errors and are not included in the mathematical modelling. 
 
The point to be understood here is that hitting a hole in one (Ace) or sinking a ball 
from a long putt is in part due to player skill and in part due to natural randomness 
outside the control of the player. 
 
We need to understand the effect of randomness in golf before studying the results 
from this computer model.  
 
This is perhaps best introduced in terms of the probability of hitting a ‘hole-in-one’ 
(Ace) shot. 
 
Anyone hitting a hole-in-one from tee into a hole will inevitably believe that the shot 
was brilliant and the result of a lifetime’s dedication, practice and skill. 
 
Wrong! It’s not! It’s just a typical ball that just happens to go into the cup and no 
more special than any other ball. 
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Figure 7 - 3     Scatter diagram for one hundred balls hit on a flat putting green. 

 

Scale in metres 
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Figure 7 - 3 is Figure 7 - 1 reproduced but we now assume that there was a cup as 
shown by the red circle 1.  
 
Before the red circle was superimposed on the diagram every white ball position was 
equally (in)significant. But now we have one ball position that lies in the red circle but 
only because the red circle has been arbitrarily placed where it is. 
 
Suddenly, the ball that lies inside the red circle becomes a ‘hole in one’ and the 
golfer would claim that she had made a brilliant putt when, in fact, it was just an 
ordinary shot that happened to go into the cup. 
 
Sorry to deflate all readers who have made a long-range putt. In fact, on 5th October 
2011 I sank a putt from 7 metres - by far the longest putt in my golfing experience. 
But, being a mathematician, I was not elated. Science does rather take the joy and 
boost to self esteem out of the game. 
 
OK - so better players are more likely to hit a hole in one than bad players but, 
statistically, any player who can hit a ball from a tee to a green has the potential to 
hit a hole in one. It’s just that the better player will need to hit fewer balls on average 
to achieve this feat. 
 
The probability of hitting a hole in one has been studied and figures are available 
although difference sources give different estimates 2. 

In 1999, Golf Digest reported,  

"One insurance company puts a PGA Tour professional’s chances at 
1 in 3,756 and an amateur's at 1 in 12,750." 

The Golf Digest study broke the odds down by quality of play: 
 
- Tour player making an Ace: 3,000 to 1 
 
- Low-handicapper making an Ace: 5,000 to 1 
 
- Average player making an Ace: 12,000 to 1 
 

Basically, hit a large enough number of golf balls and you may score a hole in one - 
or you may die before that rare random event occurs. 
 
The mathematical model which will now be run to show its capabilities does not 
include randomness. This Chapter has been included to warn the model user that 
the model results are for perfect greens and perfect golfing ability.  
 

                                            
1  The sizes of the balls and cup are not to the correct scale. 
 
2  http://golf.about.com/od/faqs/f/holeinoneodds.htm 
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However, on some of the diagrams in the next Chapter an indication is given of the 
likely effect of random errors on the results. 
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CHAPTER 8     EXAMPLES OF WHAT THE MODEL CAN PREDIC T 
 
 
8.1 Getting the ball to the cup 
 
We can group our parameters into two equations which non-dimensionalise the 
equations for the motion of a golf ball.   
 

 
2
0V
ax

X' ====                                      (8.1) 

 

2
0V
ay

Y' ====                                      (8.2) 

 
To make the equations generally applicable we must add a third and fourth non-

dimensional parameters which are 
a

Ig )sin(
 and 0� . 

 
The beauty of being able to form these non-dimensional groups is that we find that 
the shape of the golf ball paths are similar under a wide range of parameters. 
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Figure 8 - 1     Three ball paths for the same initial angle but different initial speeds. 

 
For example, Figure 8 - 1 shows three ball paths predicted by the model for the 
same initial angle but three different initial speeds on a given sloping green. 
 
Equations 8.1 and 8.2 predict that for a given green (a, I and g unchanged) the 
values for X’ and Y’ must be the same for the three paths. Thus, the model predicts 
that the balls will follow paths which are the same shape and that the ball will stop at 
a distance proportional to the square of the initial speed. 
 
Figure 8 - 1 confirms these predictions. 
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We see that for a constant initial angle the balls will all end up on a straight line and 
the distance between the start and end points of the track are proportional to the 
square of the initial speed. 
 
Furthermore, the offset angle needed to get the ball to a selected distance is 
independent of the speed with which the ball is struck. 
 
The dimensionless groups in Equations 8.1 and 8.2 lead us to create a third group 
which is 
 

 
2
0V
az

Z' ====                   (8.3) 

 
Where z is the straight line distance from where the ball is struck to the point where it 
stops. 
 

If follows that Z’ is a function of the two groups 
a

Ig )sin(
 and 0� only. 
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Figure 8 - 2     Non-dimensionalised distance run by a golf ball 
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Figure 8 - 3     Non-dimensionalised offset required 

 
Figures 8 - 2 and 8 - 3 are very important because, for a given golfing green with 
uniform surface, the final position of the ball can easily be predicted. 
 
This will be shown with a worked example. 
 
Imagine we are faced with a green sloping at constant angle (I) of 3 degrees and a 
drag factor (a) estimated (or previously measured with a Stimpmeter when nobody 
was looking!) as 0.65 m/s2. 
 
Hence 
 

 79.0
65.0

)3sin(81.9)sin( 0

========
a

Ig
 

 
Assume an initial angle to the horizontal of -50 degrees. 
 
From Figures 8 - 2 and 8 - 3 we estimate by eye that Z’ is 1.00 and WWWW is 14.5 
degrees offset. 
 
If the ball is hit with a speed of 2.1 m/s2 then we have  
 

 m78.6
65.0

1.2x00.1' 2

============
a
VZ

z
2
0  

 
Running the full mathematical model gives a value of 6.69 metres for z and a value 
of 14.6 degrees for WWWW both values being close to those predicted by Figures 8 - 2 
and 8 - 3.  
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In fact, the difference in stopping positions predicted by both methods is only 90 mm 
which is less that the diameter of the cup. 
 
This simple graphical method is not accurate enough to predict whether the ball will 
actually drop into the cup but it will give a good estimate of where the ball will stop. 
 
8.2 Getting the ball into the cup 
 
We saw in Chapter 6 that a ball heading towards the cup will not drop in unless its 
speed is high enough to reach the cup but also slow enough to drop into the cup 
without hitting the far side rim and bouncing out or rolling around the rim and setting 
off across the green on a path quite different from the approach path. 
 
We saw that the ball will drop into the cup if the speed at the hole is less than  
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where the variables are defined on page 5 - 6 
 
The mathematical model includes a check on whether a ball will be holed using the 
above equation as a criterion. 
 
The diagram on the next page shows a typical model run where the ball goes in the 
cup. 
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INITIAL SPEED (Vo) = 1.9 m/s
INCLINATION (I) = 3 degrees

INITIAL ANGLE (THETA(0))= 31 degrees
DRAG FACTOR (a) = 0.7 m/s^2

COEFFICIENT OF RESTITUTION = 0.38
HOLE RANGE = 2.00 m
HOLE ANGLE = 22 degrees

CLOSEST DISTANCE TO HOLE = 17 mm
HOLED? YES!

Scale in metres

-2

-1

0

1

2

0 1 2 3

 
 

Figure 8 - 4     A typical model output 
 

Figure 8 - 4 shows a typical model output. At the top of the diagram are the 
fundamental parameters needed to define the problem and the chart shows the 
computed track of the ball. 
 
In this example, the track passes over the cup at such a speed and angle that the 
ball drops into the cup in accordance with the equation on the previous page. The 
indicated value for closest distance of approach of the ball to cup changes colour if 
the centre of the ball passes over the rim of the cup. 
 
The ball will only drop into the cup if the speed is in the correct range. If the ball does 
drop into the cup this is shown by a coloured marker as seen above. 
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Although the ball goes into the cup in this example, the model shows the track 
passing beyond the cup. This can be useful to show how far the ball would have 
travelled had it not dropped into the cup. This then indicates the difficulty of any 
subsequent shot to putt a ball which was not successfully holed. 
 
 

INCLINATION (I) = 2 degrees
DRAG FACTOR (a) = 0.65 m/s^2

COEFFICIENT OF RESTITUTION = 0.38
HOLE RANGE = 2.00 m
HOLE ANGLE = 90 degrees
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Figure 8 - 5    Tolerance for holing a shot directly up a slope from 2 metres range. 
 

We have in Figure 8 - 5 a 2 degree sloping green which has a value of ‘a’ equal to 
0.65 m/s2 which is approximately a US Standard ‘Fast’ or a US Open ‘Medium’ rated 
green. 
 
Figure 8 - 5 shows the result of varying the angle at which the ball sets off up the 
green and the target range of the ball. This latter is the range that the ball would 
travel if the cup were not in the ball’s path. It is the point on the green that the player 
must aim for. 
 
The coefficient of restitution is typical of values measured by me on local golf course 
greens and the cup is 2 metres distant and lying directly upslope from the ball 
position. 
 
It can be seen that there is a ‘Darth Vader’ helmet shape within which the ball will 
drop into the cup. 
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The lower edge of the helmet is determined by the distance the ball will just travel 
and drop into the cup when it arrives at the cup centrally. 
 
The upper boundary corresponds to the maximum speed that the ball would just 
drop into the cup; any faster and it would bounce off the far rim and land back on the 
green. 
 
The width of the helmet is determined by the points at which the ball just stops on 
the extreme left or right edge of the rim - and then drops in.  
 
The angular width of a cup at a range of 2 metres is about 3 degrees. However, the 
diagram shows an apparent angular width of about 2.6 degrees. This is because a 
ball hit at 1.3 degrees from the exact upslope path veers slightly away from the 
central track making the angular width of the cup seem smaller than expected. In 
general, the longer the distance the ball travels up the slope the smaller that angular 
width of the cup becomes beyond what is expected simply by geometry alone. 
 
The ‘helmet eye slits’ are the loci for one and two standard deviations imposed by 
unpredictable variations in the green. We expect that 68% of putts by a world 
champion player would lie inside the inner ellipse and 95% within the outer ellipse. 
 
We see that the best tactic is to try to place the ball about 0.25 metres beyond the 
cup. This should ensure the greatest chance of the ball reaching the cup and 
dropping in. 
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Figure 8 - 6    Tolerance for holing a shot directly up a slope from 3 metres range 
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Figure 8 - 6 shows a similar calculation but this time for a three metre putt directly up 
a slope. 
 
We see that the area is now much narrower and less than half of all shots will drop 
into the cup. 
 

INITIAL SPEED (Vo) = 1.98 m/s
INCLINATION (I) = 2 degrees

INITIAL ANGLE (THETA(0)) = 10.2 degrees
DRAG FACTOR (a) = 0.65 m/s^2

COEFFICIENT OF RESTITUTION = 0.38
HOLE RANGE = 3.00 m
HOLE ANGLE = 0 degrees

CLOSEST DISTANCE TO HOLE = 50 mm
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Figure 8 - 7     Geometry for across green shots 
 

We now move on to investigate the tolerance and tactics for a cross green putt as 
shown in figure 8 - 7. 
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We have here a 2 degree sloping green which has a value of ‘a’ equal to 0.65 m/s2 
which is approximately a US Standard ‘Fast’ or a US Open ‘Medium’ rated green. 
The coefficient of restitution is typical of values measured by me on local golf course 
greens. 
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Figure 8 - 8     Tolerance chart for holing a ball rolling across the slope 
 

Figure 8 - 8  shows a tolerance chart for holing a golf ball for the geometry shown in 
Figure 8 - 7.  
 
The sausage shaped area enclosed by the red boundary shows the combinations of 
target range (the distance aimed for by the golfer) and the angular offset will result in 
a ball dropping into a cup. 
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Figure 8 - 9     Conditions at extreme point ‘A’ on Figure 8 - 8 

 
Figure 8 - 9 shows the conditions at the extreme left-hand edge (A) of the sausage-
shaped tolerance zone. This is the lowest offset angle that will still allow a ball to 
drop in the cup.  
 
Because this is a high speed hit, if the ball were not to drop in the cup it would end 
up about 1.5 metres beyond the cup on account of its speed. 
 
The extreme right-hand extent of the sausage shaped area (B) corresponds to the 
slowest shot that will just reach the cup centrally and drop in. Figure 8 - 10 shows a 
close-up of the ball path close to the cup. 
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Figure 8 - 10     Conditions at extreme point ‘B’ on Figure 8 - 8 

 
The red area shown in Figure 8 - 8 is typical of tolerance zones although the shape 
and size will vary between green characteristics and the lie of the ball relative to the 
cup. 
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Figure 8 - 11     Application of random errors to a three metre putt 
 

In reality, even an ideal player cannot ‘read’ a green perfectly and this is where the 
random variations measured by Frank Werner and Richard Grieg 1 have to be 
factored in. 
 
In Figure 8 - 11 I have taken the conditions shown on Figure 8 - 8 but superimposed 
the Standard Deviation natural to any green for balls hit towards three parts of the 
red sausage area. In each blue ellipse the Standard Deviation in angle and range 
measured by Frank Werner and Richard Grieg has been applied; namely 1% in initial 
speed and 1.1 degrees in initial angle. 
 
We see that it is better to go for the low speed, high offset shots on the right-hand of 
the sausage area because more of the blue ellipse falls within the red locus. 
 
This means aiming the ball to a point about 200 mm beyond the cup. 
 
This is very nearly the same tactic as for putts directly up or down slopes so it 
appears that a universal tactic for maximizing the probability of holing a putt is to aim 
at a point about 200 - 250 mm beyond the cup taking into account the curvature of 
the path to the cup and the approach angle at the cup. 
 
                                            
1  Quoted in John Zumerchik’s book “”Newton on the Tee” published by Simon and Schuster, 

paperback edition 2008 page 209.  
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This tactic is additionally good because, if the ball is not holed it will end up close to 
the cup. 
 
It should be clear by now that this validated mathematical model has many uses but 
the most important of these must be to investigated how to get the ball in the cup. 
 
There are countless conditions that could be investigated and additional effects that 
could be included; the effect of wind is one that springs to mind. 
 
It is hoped that a second report may be published covering those aspects of putting 
not included here. That depends though on my continued enthusiasm for the task 
and my long-suffering wife’s tolerance of ramps being set up on golf greens in the 
middle of a game and having golf balls strewn over the living room carpet. 
 
As for cutting test rectangles out of the living room carpet - let’s not go there 1. 
 
As a finale for this report I present Figure 8 - 12 below which shows the path of a golf 
ball over a green which has a change of slope from up to down halfway between the 
putting point and the cup. Note how the model is able to predict the ball path curving 
first to the right as it rolls up the slope and then swerving to the left after it passes 
over the ridge and rolls down the slope towards the cup. 
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Figure 8 - 12    Prediction for a Green having an up slope then down slope profile 

 
The model has the potential to offer much useful advice. 
                                            
1  Maybe I should have cut the rectangle from the spare bedroom carpet? 


